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Abstract
Stochastic acceleration of cosmic rays in second order Fermi processes is usually considered too slow to reach ultra-high
energies, except in specific cases. In this paper we present the energy spectrum obtained from second order Fermi
acceleration in highly turbulent magnetic fields as e.g. found in the outskirts of AGN jets in situations where it can be
sufficiently fast to accelerate particles to the highest observed energies. We parametrize the resulting non-power-law
spectra and show that these can describe the cosmic ray energy spectrum and mass-composition data at the highest
energies if propagation effects are taken into account.
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1. Introduction
Cosmic rays are observed with energies from approxi-
mately 10 GeV up to energies above 100 EeV with a distri-
bution commonly parametrized as a power-law. The spec-
tral index of the power-law changes at a few certain ener-
gies, in particular the ‘knee’ at approximately 1× 1015 eV
and the ‘ankle’ at approx. 5× 1018 eV. Beyond approx.
4× 1019 eV the flux is strongly suppressed compared to
a simple power-law. The definite origins of cosmic rays
and the spectral features knee, ankle, and cut-off are still
unknown, but in the prevailing models cosmic rays with
the highest energies are of extragalactic origin while cos-
mic rays with the lowest energies are accelerated in sources
within the galaxy (e.g. [1]).
It is typically assumed that the energy spectrum of
the cosmic rays at their sources has also to be a single
power-law dN/dE ∝ E−γ , maybe with some cut-off at
high energies, in order to obtain the power-law observed
at Earth (e.g. [2]). A power-law is the natural result of
a stochastic acceleration of particles, when in every accel-
eration cycle a constant fraction of particles is lost. No-
tably, acceleration in relativistic shocks via the so called
first order Fermi mechanism is considered as an accelera-
tion mechanism that generates a power-law. In the shock
acceleration model, a particle traverses a shock front mul-
tiple times and is efficiently accelerated, as it gains energy
in every cycle. However, this mechanism has some diffi-
culties, as the particles have to return to the shock many
∗Corresponding author
Email address: tobias.winchen@rwth-aachen.de (Tobias
Winchen)
times which require special conditions in the shock envi-
ronment, a high injection energy of the particles into the
accelerating region, or multiple shocks [3, 4].
From first order Fermi acceleration in diffusive shocks,
a soft spectral index of the injection power-law of γ ≥ 2
is expected [5]. However, it has been recently recognized
by the Pierre Auger Collaboration [6, 7] and others [8–10],
that the spectrum and composition data at the highest en-
ergies can not be well described by sources with a power-
law spectrum and a soft spectral index; instead, hard spec-
tra with γ < 1.5, or even γ < 0 depending on the model
for the infrared background, are required to fit the data
with a single power-law.
These problems do not arise in the original ‘second or-
der’ acceleration mechanism proposed by Fermi [11], where
particles gain energy in collisions with magnetic clouds.
Here energy losses are frequent due to tail-on collisions,
the average energy gain per collision is only ∆E/E = 43β
2.
For velocities of the scatter centers β  1 this second order
acceleration thus requires a large number of scatter events
to significantly gain energy. With the originally considered
low rate of scatters with slowly moving magnetic clouds at
Galactic distances, the mechanism is thus not fast enough
to reach the highest observed energies within the lifetime
of the respective sources.
To reach the highest energies via second order Fermi
acceleration nevertheless, a high velocity of the scatter cen-
ters and/or a low mean free path length between scatter
events is required. In the relativistic limit β ≈ 1 the sec-
ond order mechanism becomes as efficient as the first order
mechanism. This scenario has been discussed in the litera-
ture [12] in particular in the context of acceleration inside
GRBs. In general it also yields a power-law emission spec-
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Here we focus on the second case of scattering with
a short mean free path. Such conditions may be found
in turbulent magnetic fields; for example, scattering on
Alfve´n waves in the radio lobes of AGNs, and in partic-
ular Centaurus A, has been considered [13–15]. In this
paper we will first discuss our simulations setup and the
spectrum we obtain with it from second order Fermi accel-
erators. We will then use a parametrization of the acceler-
ation spectrum to fit observational data with the obtained
acceleration spectrum taking propagation effects into ac-
count. The parameters obtained in the fit, the assump-
tions of the simulation as well as potential acceleration
environments are then discussed before we draw our final
conclusions.
2. Cosmic Ray Diffusion as Random Walk
The diffusive propagation of particles that scatter at
irregularities BδB of magnetic fields with strength B, can
be described as a random walk with step length λ ∝ D
for diffusion coefficient D. The value of the diffusion co-
efficient D, its dependence of the energy of the particle,
and the underlying principles of magnetic turbulences in
astrophysical plasmas are a complex subject of ongoing
intensive studies [e.g. 16].
A simplistic approach to diffusion of charged particles
in magnetic fields is quasi-linear theory, where only slow
evolution of the plasma is assumed [17]. Here the mean
free path λ of a particle with energy E and charge Z in a
field with turbulence spectrum kkmin
−q
is
λ =
(
B
δB
)2
(RG kmin)
1−q
RG ≡ λ0
(
E
1 EeV
1
Z
)2−q
(1)
where RG =
E
BZ is the gyro-radius of the particles [18].
This approximation for diffusive transport of particles with
gyro-radius not larger than the correlation length of the
field has been successfully used in several studies of particle
acceleration and transport [e.g. 13, 19].
However, this formalism is too simplified to provide an
accurate quantitative description of propagation in tur-
bulent fields. In particular, turbulence is anisotropic [20]
and scattering on small length scales is dominated by fast-
modes instead of Alfve´nic modes [21]. For particles with
small gyroradius smaller than the turbulence injection scale
of the magnetic field the propagation is dominated by fast
super-diffusion [22].
Consequently the numerical value of the calculated dif-
fusion coefficient for a given set of plasma parameters is
not correct and also the dependency of the scatter fre-
quency on the particle rigidity is not necessarily uniform
over all scales as suggested by QLT. In particular the scat-
ter frequency increases at low energies, eventually reaches
a plateau or peak, and decreases again [23]. Neverthe-
less, the increase of the step length can be parametrised
by a power-law as is expected in some non-linear theo-
ries [24] and seen in simulations [25], at least above a cer-
tain threshold rigidity. Therefore, we use as simplified
model for second order Fermi acceleration a random walk
with a step length given by eq. 1 in our simulation and
consider λ0 and q free fit parameters. We further assume
that particles are injected by a pre-accelerator above a
threshold energy where these assumptions are valid.
3. Simulation
To simulate particle acceleration by magnetic scatter-
ing we follow a test-particle approach. Neglecting the back
reaction of the particle on the magnetic field is valid here,
because we are concerned only with the small fraction of
cosmic rays at the highest energies. We demonstrate later
that the energy transferred to UHECR from the field is
much smaller than the energy transferred to radio emis-
sion in potential sources, thus justifying this approach.
We implemented the simulation as a dedicated module
within the CRPropa framework [26]. The module scatters
the particles into a random direction in the rest-frame of a
scattering center moving with velocity β in the laboratory
frame after propagating a distance d randomly chosen ac-
cording to an exponential distribution with mean free-path
λ according to eq. 1. We assume isotropic movements of
the cosmic rays and scatter centers in the rest frame of
the accelerating region. The distribution of angles θ be-
tween the direction of the particle and the scatter center is
thus dN/dθ ∝ 1−β cos θ. In every scatter event a random
direction is chosen according to this distribution. As by
this head-on collisions are more likely than tail-on colli-
sions, the particle gains on average energy as predicted by
second order Fermi acceleration.
The particles are injected with energy Einj into the cen-
ter of a spherical simulation volume with radius R, corre-
sponding to a weak pre-acceleration e.g. in the inner parts
of the AGN jet. Every particle propagates linearly un-
til it is scattered as described above. We stop the simu-
lation when the particle leaves the simulation volume or
is decelerated below a lower energy threshold Elow. In-
jection energy and lower energy threshold are chosen as
Einj = 100 TeV and Elow = 1 TeV as in CRPropa cur-
rently only the highly relativistic case E  m0c2 can be
calculated. The simulation does not depend on the abso-
lute scale of λ0 and R, allowing us to investigated different
values of their ratio λ0/R, β, and q only. For acceleration
of particles to energies much higher than the injection en-
ergy, the result is independent of the injection energy and
thus on the spectrum of the pre-accelerator.
In figure 1 simulation results are shown for two choices
of λ0/R and for three choices of q covering a wide range of
scaling of the step length with energy. In quasi linear the-
ory these correspond to Kolmogorov turbulence (q = 5/3),
Kraichnan turbulence (q = 3/2), and as an extreme case
viscosity damping (q = 1) [27, 28]. However, in realis-
tic models of turbulence the scaling parameter q can also
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Figure 1: Emission spectra of the sources obtained from the simu-
lation of second order Fermi acceleration of protons with different
values for the mean free path length parameter λ0 and the turbu-
lence spectrum q with β = 0.05. The red line shows a fit of eq. 2 to
the data.
assume different values depending on the plasma configu-
ration. In particular, turbulence is anisotropic and q = 5/3
is for the perpendicular spectrum only while for the paral-
lel spectrum q = 2 [29]. These examples assume thus the
effective step length as discussed above.
As the particles are injected here in the center of the
acceleration region, they cannot escape without being ac-
celerated first because of their small mean-free path. This
is different from e.g. shock acceleration where a fraction
of particles is lost after each cycle. In the model discussed
here, low energy particles can only escape from close to
the border of the acceleration region, while particles at
the highest energies can escape from anywhere in the ac-
celerating region. This effectively suppresses the naively
expected power-law in the regime λ0  R, and the source
spectrum can be reasonably well be described by a peaking
distribution
dN
dE
∝ E(3−q) e−(E/E0)(2−q) (2)
which we found on phenomenological grounds only. For
larger λ0, or λ independent of the energy, both not shown
here, the source spectra develop a steep power-law tail.
Here, we concentrate on the case where the power-law tail
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Figure 2: Source spectra with a fixed minimum step length λmin for
q = 5/3, β = 0.1, and λ0 =
1
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R. Dashed lines correspond to a fit
of eq. 2 to the simualted data above 30 EeV.
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Figure 3: Maximum of the source spectra Emax as function of the
scatter length λ0 for three choices of the turbulence spectrum q for
(a) β = 0.05 and (a) β = 0.15. Colored markers are from a fit
of eq. 2 to simulations as e.g. shown in figure 1; the dashed lines
correspond to a power-law fit to the simulated points.
is negligible small, respectively the energy range close to
E0.
From detailed simulations of diffusive propagation in
magnetic fields it is known that a uniform scaling of the
step length with a single power-law over the whole en-
ergy range as considered here is unrealistic. As suggested
by simulations [e.g. 25], the step length is constant be-
low a threshold rigidity corresponding to a Larmour ra-
dius rL ≈ 110Lmax with turbulence injection scale Lmax.
The source spectra obtained in corresponding simulations
with different choices of λmin are shown in figure 2. A
minimum step length thus has no effect on the obtained
spectrum shape as long as the minimum step length λmin is
still small compared to R despite the transition. For larger
λmin the spectrum transforms into a power-law with cut off
that can be still be described by the exponential in eq. 2.
For a given size of the accelerating region, the param-
eter E0 of the distribution depends on the mean free path
length λ0, the velocity of the scatter centers β, and the
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Figure 4: Maximum of the source spectra Emax as function of the
velocity of the scatter centers β for two choices of λ0 for (a) q = 5/3
and (b) q = 1. Dashed and dotted lines correspond to a fit of
Emax ∝ βa.
spectral index q of the magnetic turbulence. From eq. 2
follows, that the position of the maximum of the distribu-
tion is given by
Emax =
(
3− q
2− q
) 1
2−q
E0. (3)
The dependency of Emax on λ0 is shown in figure 3. We
found no dependency of the shape of the spectrum or the
maximum energy on the injection energy. The spectral
shape is thus independent on the injection spectrum and
thus the properties of the pre-accelerator as long as the
energies reached by the pre-accelerator are not too high.
A fit of a power-law Emax ∝ λ0( 1q−2 ) to the simulation
perfectly describes the dependency. This is consistent with
eq. 1, as this relation implies a linear dependency of Emax
on the charge Z of the particles.
In figure 4 the dependency of Emax on β is shown for
two choices of λ0 for q = 5/3 and q = 1. Points corre-
sponds to a fit of eq. 2 to the simulation result and lines
to a fit of Emax ∝ βa to the corresponding simulation sets.
For q = 5/3 we found a = 3.03 ± 0.02 and for q = 1 we
found a = 1.12± 0.02.
4. Fit
We fit the source spectrum given by eq. 2 to the ob-
servational data collected by the Pierre Auger Observa-
tory [32] accounting for propagation effects using simu-
lations of UHECR propagation with the CRPropa soft-
ware [26]. We use the data on the flux of ultra-high energy
cosmic rays [30] and the depth of shower maximum, Xmax,
i.e. the depth at which the energy deposit of the elec-
tromagnetic cascade reaches its maximum [31]. The 1D-
simulations used here include energy losses and production
of secondaries from pion-production, photo-disintegration,
and electron pair production in the cosmic microwave back-
ground and infrared background of particles from sources
up to 3 Gpc. Energy losses by adiabatic expansion of the
universe and energy losses and secondary production by
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Figure 5: Two parameter fit of the model described here to the data
of the energy spectrum [30] (top), and the mean (middle) and root-
mean-square (bottom) of the Xmax distributions measured with the
Pierre Auger Observatory [31]. For the spectrum fit the contribution
from the individual initial elements are marked as dashed lines. The
gray marked area is not included in the fit.
nuclear decay are included as well. As a model for the in-
frared background we consider here only Gilmore2012 [33]
and as model for the nuclear cross-sections only TALYS [34].
An overview of the effects of these models on fits to cos-
mic ray data and simulation uncertainties is given in ref-
erence [35].
The fit-method used here is based on the method de-
veloped for the interpretation of the data of the Pierre
Auger Observatory with power-law source spectra and an
exponential cut-off [6, 7, 36]. To evaluate the effect of
a source model on the observed cosmic rays, the energy
and mass binned cosmic rays of a propagation simulation
are re-weighted according to the source parameters. From
the resulting weights for observed cosmic rays with energy
and mass (E,A)i the spectrum and Xmax distributions are
calculated. For the calculation of Xmax from (E,A)i we
use the usual parametrization based on the Gumble dis-
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tribution and EPOS-LHC [37] as the hadronic interaction
model [38]. The optimum set of source parameters is ob-
tained by maximizing the likelihood of the observations
using a Markov chain Monte Carlo code [39]. Differently
from the original approach, here we use a Gaussian-based
likelihood for the mean and RMS of the Xmax distribution.
The best fit is obtained for log10 (Emax/eV/Z) = 18.21±
0.02 and q = 1.29± 0.02. With this fitting procedure, in-
dividual Markov Chains converge to different values for
the individual element fractions while the values for q and
Emax are stable as indicated by a good Gelman-Rubin [40]
statistic. The individual chains converge to different val-
ues for the individual elements, but the ratio of the Iron to
Nitrogen fraction is well constrained in all Markov Chains
to fFe/fN = (5.6±0.7) ·10−4, and the values for Hydrogen
and Helium are almost arbitrary due to the low maximum
rigidity obtained in the fit. With these parameters, the ex-
pected values of the observables are shown together with
the data in figure 5. For this four parameter fit to 36 data
points we obtain a goodness-of-fit χ2/dof = 58.8/32.
5. Discussion
5.1. Fit
The model presented here fits the data approximately
as well as fits assuming power-laws [6, 7]. This is not sur-
prising, as from a mere technical point of view the spec-
trum proposed here is an inverted power-law with spec-
tral index limited to −2 ≤ γ ≤ − 43 and a slightly modi-
fied exponential cut off; results with γ ≤ 0 have already
been reported from fits of power-laws [6]. However, in the
scenario as discussed here, this previously surprising pa-
rameter range is a natural consequence of the acceleration
mechanism. The particular shape of the cut-off reduces
the degeneracy between the parameters faced in fitting
conventional power-law models. In particular, the cut-off
expected here hardens the end of the spectrum compared
to a naive exponential or broken-exponential cut-off; only
for q = 1 the shape of the cut-off is identical to the common
exponential cut-off. Consequently, the data above 5 EeV
can be described with heavy primaries only and the fit
becomes insensitive to the abundances of lighter elements.
Here we have considered only four elements, Hydro-
gen, Helium, Nitrogen, and Iron, where Nitrogen acts as
a proxy for all elements with 2 < Z < 26. Including more
individual heavy elements in the fit will reduce the param-
eter Emax further, as it allows a better description of the
cut-off consistent with the ‘disappointing model’ [41]. The
sources of extragalactic cosmic rays thus do not need to
be surprisingly metal-rich as implied by power-law fits [42].
One can further speculate, that thus in this model the ex-
tragalactic sources of UHECR are also the origin of the
strong light component below the ankle that have been
recently measured [43, 44]. In addition to the inclusion
of more elements, a detailed investigation of this requires
the extension of the fit regime to lower energies and the
inclusion of Galactic models in the fashion of [45] and is
beyond the scope of this paper.
5.2. Simulation
The approximation of diffusion in our simulation and
the corresponding parametrizations are motivated by quasi-
linear theory. QLT is based on the regime where the
gyro-radius of the particle is not larger than the coherence
length Λ of the field [17, 19]. The correlation length Λ of
a turbulent magnetic field with energy distribution follow-
ing a power-law with index q between length-scales Lmin
and Lmax is defined as Λ =
1
2Lmax
q−1
q
(1−Lmin/Lmax)q
1−(Lmin)/Lmax)q−1 .
For q > 1 and Lmin/Lmax → 0 we get Λ = 12Lmax q−1q ;
For q → 1 we get a lower bound for the coherence length
Λ > 12Lmax
1−Lmin/Lmax
− lnLmin/Lmax as function of the span of the
turbulence scales. Assuming that the maximum turbu-
lence scale is of the size of the accelerating region yields
that even for the extreme case q = 1 quasi-linear theory
is applicable if the turbulence scales spans only two or-
ders of magnitude and the accelerator is approximately
ten-times larger than the gyro-radius. The constraints on
Lmin/Lmax are greatly relaxed for q = 5/3, q = 3/2, or
q = 1.3 corresponding to the best fit to the Auger data as
obtained in this work. However, QLT does not account for
several scattering processes likely found in realistic plas-
mas and may dominate particle propagation [e.g. 21, 22].
Nevertheless, an increase of the step length parametrised
by a power law as used in our simulation also expected
in at least some non-linear theories [24] and seen in sim-
ulations [25], at least above a certain threshold rigidity.
Quantitative conclusions from the fit-result on the prop-
erties of the accelerator are thus not straight forward and
require much ore detailed modelling of the acceleration en-
vironment.
By using a test particle approach for the simulations,
we implicitly assumed that only a small portion of energy
stored in the turbulent field is transferred to UHECR, be-
cause otherwise the turbulence spectrum is modified by
collision-less damping, which would alter the spectrum of
cosmic rays. However, as the spectrum from our accel-
eration mechanism is peaking and not a wide power-law,
the energetics are here not dominated by the low-energy
cosmic rays. This reduces the energetic constraints in this
mechanism compared to mechanisms predicting a power-
law. To obtain a conservative estimate, we attribute the
UHECR flux to originate only from a single source in
D = 50 Mpc distance, yielding a cosmic ray luminosity
of LCR ≈ 6× 1042 erg s−1 for the best fit parameters and
assuming iron primaries only. Thus even if only a single
source accounts for the flux of UHECR, the energy trans-
ferred from the magnetic field to cosmic rays is much less
then the energy transferred to radio emission in e.g. AGNs
as sources. In case of multiple sources, the energy trans-
ferred to UHECR in a single source is much smaller.
Within the simulations we assume a constant, scale in-
dependent velocity of the scatter centers. However, due to
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Figure 6: Possible accelerators for UHECR following an idea of Hillas’ [46], based on data published in reference [47]. The solid red line
marks the gyro-radius RG of an iron particle with 260 EeV, the red-dashed line 10RG. The black dotted lines correspond to time constraints
following eq. 4 with maximum time t and density ρ as indicated left of the respective lines. The parameterspace below the respective lines is
excluded.
energy cascading the velocity of the scatter centers may be
reduced at low energies reducing the efficiency of this ac-
celeration mechanism and thus sets an additional require-
ment to the pre-accelerator. Furthermore, we neglected
any energy losses in particular by interaction with back-
ground photon fields in the source environments, as our
simulations do not account correctly for the acceleration
time due to the simplistic parametrization of the diffusion
tensor.
5.3. Source Candidates
Following an idea of Hillas’, potential sources can be
discussed in terms of the maximum achievable energy given
their size and magnetic field strength. The source spec-
trum obtained here contains a natural cut-off beyond Emax.
However, the spectrum cannot continue indefinitely with
exponential decay only as an absolute limiting energy Elim
is given by the largest possible gyro-radius of the particles
in the respective magnetic field. Here we can safely use
Elim ≈ 10Emax or Elim = 260 EeV for Iron nuclei consis-
tent with observations. The classical constraint that the
size of the accelerator has to be larger than the gyro-radius
of the particles [46] provides thus not a severe constraint
here and leaves in particular radio-loud AGN, starbursts
and turbulence induced by gravitational shocks [47] as pos-
sible sources with this acceleration mechanism as indicated
in figure 6.
The main argument against second order Fermi accel-
eration is commonly the required acceleration time. A
rough upper limit for the acceleration time with second
order Fermi acceleration is
tacc = 50
(
β
7× 10−4
)−2(
R
10 kpc
) 2
3
(
E
1019 eV
) 1
3
Gyr,
(4)
assuming again that the maximum length-scale of the tur-
bulence is the size of the accelerator [13]. As via the
Alfve´n velocity β ∝ B√ρP the acceleration time depends
on the strength of the magnetic field B, eq. 4 can be used
to constrain possible accelerators in a Hillas’ plot given
their lifetime and plasma density ρP . In general, the ac-
celeration mechanism thus selects large low-density envi-
ronments. The largest low-density environments for con-
sidered UHECR acceleration are plasmas in clusters and
voids with turbulence induced by gravitational shocks. As-
suming a lifetime of 14 Gyr and densities of 10−3 cm−3 as
inter-cluster density respectively 10−8 cm−3 for voids as
extreme values [48], we can exclude turbulences induced
by gravitational shocks as candidates for this mechanism.
Radio lobes of AGNs as well as superwinds of starburst
galaxies have a lifetime of more than 107 yr. If we as-
sume a density below 10−4 cm−3 for the jets and lobes of
radio-loud AGNs as well as superwinds emitted by star-
burst galaxies, both classes remain possible acceleration
sites for this scenario as indicated in figure 6. This is con-
sistent with similar estimates by Hillas [46].
Here of course we require that the turbulence spectrum
covers large enough scales for the acceleration process. The
highest energies can thus not be reached by this mecha-
nism in the inner parts of AGN. Also, if the turbulence
scale in the superwind of starbursts is much lower than
their size, corresponding e.g. a ten times tighter constraint
6
on the gyro radius, only few starburst galaxies would pro-
vide the required conditions. However, this is no problem
for potential acceleration in the radiolobes of AGN.
Both remaining candidate classes also fulfill the lumi-
nosity requirement [15, 49], that for any UHECR source
L > 1045
(
E/Z
1020 eV
)2
erg s−1, which for the iron nuclei as
above reads L > 1× 1043 erg s−1. With abundances of
about 10−4 Mpc−3 both classes are furthermore consis-
tent with observational bounds on UHECR [50, 51] and
neutrino sources [52] as resulting from the low levels of
anisotropy in the respective arrival directions.
6. Conclusion
The acceleration mechanism outlined here suggests the
following picture as a potential scenario for the origin of
UHECR. Cosmic-ray particles are first pre-accelerated in
the inner parts of astronomical objects as potentially AGNs
or starburst Galaxies (c.f. [53]) to an intermediate energy
above the dissipation scale of the surrounding magnetic
field in the AGN radiolobes respectively superwind of the
starburst galaxies. In a second step the highest energies
are then reached via the second order Fermi mechanism
resulting in a peaking emission spectrum and not the com-
monly expected power-law. In contrast to interpretations
of the data with power-laws as produced by shock accel-
eration, the best fitting parameters of the peaking source
spectrum proposed here are not exceptional and do not
imply an unexpected high abundance of heavy elements
at the sources. It may thus be worth to reconsider the role
of the usually disfavoured second-order Fermi mechanism
for the acceleration of UHECR.
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